We analyze the ability of the three different Liquid Drop Mass (LDM) formulas to describe nuclear masses for nuclei in various deformation regions. Separating the 2149 measured nuclear species in eight sets with similar quadrupole deformations, we show that the masses of prolate deformed nuclei are better described than those of spherical ones. In fact, the prolate deformed nuclei are fitted with an RMS smaller than 750 keV, while for spherical and semi-magic species the RMS is always larger than 2000 keV. These results are found to be independent of pairing.
I. INTRODUCTION
When nuclear physicists refer to the description of nuclear masses employing the Liquid Drop (LD) model formula, we have a contradictory speech. In fact, sometimes we say: "The liquid-drop energy of a spherical nucleus is described by a Bethe-Weizsäcker mass formula"
( [1] citing [2] ) or "This is a crude model that does not explain all the properties of the nucleus, but does explain the spherical shape of most nuclei" [3] . However, at the same time, we say: "The semi-empirical mass formula gives a good approximation for atomic masses and several other effects, but does not explain the appearance of magic numbers." [3] , which are usually considered the 'more spherical' nuclei, because deformation is associated to the quadrupolar interaction between valence protons and neutrons [4] . The usual procedure to find a phenomenological mass formula which reduce the root mean square (RMS) for the actually measured 2149 nuclear species, is to start with the Liquid Drop Mass (LDM) and add to it corrections due to deformation and shell-effects.
The description of nuclear masses in terms of the LDM paved the way to the basic understanding of nuclear properties, like the saturation of the nuclear force, the existence of pairing and shell effects, and the description of fission and fusion processes [5] . The Q-values of different nuclear reactions, obtained from mass differences, must be accurately known to allow the description of the astrophysical origin of the elements [6] . Accurate theoretical predictions of nuclear masses remain a challenge [7] , sharing the difficulties with other quantum many-body calculations, and complicated by the absence of a full theory of the nuclear interaction.
Decades of work have produced microscopic and macroscopic mass formulas [8] . At present, the most successful approaches seem to be the microscopic-macroscopic models, like the Finite Range Droplet Model (FRDM) [9] , its improvements [10] , and the realistic Thomas-Fermi (TF) models [11, 12] , the Skyrme and Gogny Hartee Fock Bogolyubov (HFB) [13, 14] , and the Duflo-Zuker (DZ) mass formula [15] [16] [17] . They allow for the calculation of masses, charge radii, deformations, and in some cases also fission barriers. They all contain a macroscopic sector which resembles the LDM formula, and include deformation effects.
HFB calculations are now able to fit known nuclear masses with deviations competitive with the microscopic-macroscopic calculations, while the most precise and robust nuclear mass predictions are given by the DZ model [8, 18] , which gives an RMS of 373 keV.
Efforts for building algebraic nuclear mass formulas inspired in the DZ model success have led to detailed analysis of the microscopic building blocks of this model [19] , which suggested new ways to introduce the shell effects through the DZ master terms [20] . Other line of thought connected the Interacting Boson Model (IBM) F-spin with the DZ microscopic terms [18, 21, 22] , which allows for very good fits of the nuclear binding energies when an additional one-body Hamiltonian with a large number of parameters is employed [23] .
Following these works, we perform in this paper an analysis of the interplay between deformations and shell effects for different nuclear mass formulas. We start studying the ability of LDM to describe nuclear masses for nuclei in different deformation regions and explicitly show that the best fit is obtained for deformed nuclei, extending a previous preliminar work [24] . These results are found to be independent of the pairing term, which could be failing in the vicinity of closed shell nuclei.
Analyzing the macroscopic terms of the DZ mass model we show that shell effects are reproduced and most of the deformation dependence is lost and the RMS is larger than in any LDM. Adding to the LDM the microscopically motivated DZ master terms introduces the shell effects, allowing for a significant reduction in the RMS of the fit but still exhibiting a better description of prolate deformed nuclei. The inclusion of shell effects through a dependence in the number of valence nucleons produces similar results.
The paper is organized as follows: the fits for three LDM are presented in Sect. 2, and the DZ and other microscopic algebraic estimations are discussed in Sect. 3. A meticulous analysis of the master terms is performed in Sect. 4, and a comparison with other estimations based on IBM is given in Sect. 5. Conclusions are drawn in Sect. 6.
II. THE FITS FOR THREE LDM FORMULAS
We have selected three LDM formulas to analyze their ability to fit nuclear masses.
A. LDM1
The first one is an improved version of the LDM formula with modified symmetry and Coulomb terms, built following a consistent treatment of nuclear bulk and surface effects [22] . The negative nuclear binding energy is given by
where: i) the pairing interaction is given by ∆ = 2, 1, and 0 for even-even, odd-mass and odd-odd nuclei, respectively; ii) a correction to the radius of the nucleus is included through a modification Λ in the Coulomb term, Λ =
; iii) the symmetry term employs 4T (T + 1), with T = |N − Z|/2, instead of (N − Z) 2 to account for the Wigner energy; and iv) the Coulomb interaction is proportional to Z(Z − 1) to avoid the Coulomb interaction of a proton with itself.
B. LDM2
The second LDM formula is a modified version of the Bethe-Weizsäcker one, which incorporates explicitly isospin effects [1] :
with isospin asymmetry I = (N − Z)/A. The pairing term is taken from [19] 
and the symmetry energy coefficient, including an I correction on the conventional surfacesymmetry term of LDM to approximately describe the Wigner effect for heavy nuclei, is written as
C. LDM3
The third LDM formula is derived from the liquid drop model with the pairing energies of the Thomas-Fermi model [25] 
It includes: i) a first term representing the volume energy corresponding to the saturated exchange force and infinite nuclear matter, with I 2 A being the asymmetry energy of the Bethe-Weizsäcker mass formula; ii) a surface energy corresponding to semi-infinite nuclear matter and originated by the deficit of binding energy of the nucleons at the nuclear surface;
iii) a curvature energy resulting from non-uniform properties which correct the surface energy and depends on the mean local curvature; iv) the decrease of binding energy due to the Coulomb repulsion; v) a Z 2 /A diffuseness correction to the sharp radius Coulomb energy; vi) a Z 4/3 /A 1/3 charge exchange correction term; vii) the pairing energies E pair of the ThomasFermi model (taken from Eq. (A.2) in Ref. [11] ).
D. The fits
The coefficients of the three LD models were selected to minimize the RMS when the predicted binding energies BE th (N, Z) are compared with the experimental ones BE exp (N, Z), reported in AME03 [26] , modified so as to include more realistically the electron binding energies as explained in Appendix A of Lunney, Pearson and Thibault [8] :
The minimization procedure uses the routine Minuit [27] .
The fits were performed separating the nuclei in nine groups:
• the first one contains all nuclei whose measured masses are reported in AME03 [26] , which have N, Z ≥ 8,
• the next seven groups contain the nuclei whose quadrupole deformations e 2 , taken form the FRDM [28] , lie in the ranges listed in the second and third row of Table I , N nucl is the number of nuclei in each group, listed in the fourth row of Table I . We remark that regions 1 to 7 contain approximately the same quantity of nuclei. Notice that group 1 contains most of the oblate nuclei, that the more spherical nuclei belong to groups 2, 3 and 4, and that the more prolate deformed nuclei are included in groups 6 and 7. We show in For each LDM equation, nine fits were performed, one for each group of nuclei. In this way, nine sets of parameters were obtained, which minimize the RMS of each group of nuclei.
The values of these parameters can be found in Tables 3, 5 and 7 from Ref. [24] . We present in Table II the RMS obtained for all groups employing these nine sets of parameters. These results show that for the three LDM models the masses of prolate deformed nuclei can be described with remarkable precision, with an RMS smaller than 750 keV, while the masses of spherical and semi-magic nuclei are those worst described, with RMS larger than 2000 keV. It completely challenged the authors preconception that the LDM was best suited to describe spherical nuclei, and that deformation effects were a crucial element necessary to improve the LDM description of nuclear binding energies. As can be read from Table II, deformed regions are very well adjusted by the three LDM formulas, and the regions around shell closures are those which represent a challenge.
Given that the description of pairing effects for nuclei with few valence nucleons would require more than a simple parametrization as the one employed here, we have removed odd -even effects from our analysis, separating the nuclei in four additional sets, corresponding to even N-even Z (ee), even N-odd Z (eo), odd N-even Z (oe) and odd N-odd Z (oo). The number of nuclear species of each type in each set is indicated in Table III . We repeated the fits for each ee, eo, oe and oo set in the nine regions, employing the LDM1 mass formula but without the pairing term (last term in Eq. (1)). We arrive to the RMS indicated in Table   TABLE III IV, which one more time indicate that prolate deformed nuclei in region 7 are far better described than spherical ones, regions 2, 3, 4 and semimagic. It shows that the difficulty of the LDM mass formulas to describe spherical nuclei is not at all associated with any odd-even effect, or with the way the pairing contribution is parameterized. In what follows we explore the ability of the algebraic extensions of the LDM to include shell effects in the description of nuclear masses.
III. THE DUFLO-ZUKER INSPIRED MASS MODELS
In this section two different mass models, both based on Duflo-Zuker ideas, are discussed in detail. The master terms are introduced in two alternative way in order to describe the shell effects in mass models, and their correlation with the nuclear deformation is analyzed.
A. DZ1
The macroscopic sector of the simplest version of the DZ mass model, contains six terms leading asymptotically to a LD form [19] (see section C below)
The master M HO term is
where the sums run over all occupied proton and neutron orbitals up to the Fermi level, The scaling factor is
The Coulomb, asymmetry and surface asymmetry terms are [19] , respectively:
The pairing term V P is the same employed in LDM2.
B. DZ2
As there exists some uncertainty in the parameterization of the monopole part of the 
with the new master term:
where D pν,π = (p ν,π + 1)(p ν,π + 2) + 2 contains the HO → EI information and n ν (p ν ), n π (p π ) are the number of neutrons and protons in their respective EI shell.
C. The master term
The master term MA contains the microscopic information about shell closures. We show in Fig. 2 its behavior as a function of A. It scales as a linear function in A. Therefore, we can interpreter this term as a volume one and, consequently, the term MA/ρ can be associated to a surface one. This allows us to consider the macroscopic sector of the DZ mass formula as an extension of the LDM.
The building blocks of the master term MA in Eq. (12) are e 1ν and e 1π . In Fig. 3 the behavior of e 1ν as a function of N is presented. The thin black line represents the asymptotic form e 1ν ≈ (3N ) 2/3 2 [20] . The plot confirms that e 1ν scales as N 2/3 , with minor differences for small N. To visualize this deviation, the difference between e 1ν and this asymptotic behavior is presented in Fig. 4 (black triangles). The microscopic elements introduced through e 1ν are made evident in this plot. When the asymptotic behavior is removed, shell effects emerge, with well defined peaks at shell closures. However, there is a remnant continuous increase with N which has not a linear dependence. The description of the asymptotic form of e 1ν
can be improved by including terms with different powers of N 1/3 . The differences between e 1ν and these asymptotic forms are displayed with different symbols in Fig. 4 . From these results we conclude that a better description can be reached if we adopt the new asymptotic form e 1ν,asym = −0.90892 + 0.54259N 1/3 + 0.98851N 2/3 + 0.0018N.
A similar analysis was performed around Fig. 3 of Ref. [19] . Thus the master term MA has the asymptotic behavior described by
D. The fits
Employing the two versions of the macroscopic sector of the DZ mass model, Eqs. (7) and (11), we have fitted the nuclear masses in the nine regions described above.
The fitting procedure in the different deformation regions leads to the RMS displayed in of the fitted parameters, presented in Table VII and VIII of the Appendix, because some of them (mainly a 5 and a 6 ) vary noticeably from one region to the other.
IV. ADDING SHELL CORRECTIONS TO THE LDM A. LDM1 plus DZ
It is possible to combine in a single mass formula both the ability of the LDM to describe the masses of deformed nuclei, and of DZ to include shell effects. To this end, we will work with a LDM, adding the shell effects present in the DZ master term, but with their asymptotic behavior removed, because it is basically contained in the volume and surface terms of the LDM. We have selected as the starting point the LDM1, which has a global RMS smaller than those of DZ1 and DZ2.
Based in our previous analysis, the shell effects will be introduced by a "volume" and "surface" shell corrections defined as MA − MA asym and (MA − MA asym )/ρ, respectively.
They are plotted in Fig. 6 as a function of A. They resemble the shell effects not included in the LDM. To help the visualization of the shell effects introduced by these differences, we show in Fig. 7 the same terms as function of N, Z and A only for semi-magic nuclei, where we can observe one more time the clear peaks at the magic numbers.
As explained above, we have added the shell effects to the LDM1 to construct a new mass formula: number of valence protons, z v , and neutrons, n v [18, 21, 22] . The proposed expression for the nuclear binding energies is
C. The fits
Repeating the analysis for the same nine groups, we obtain the results shown in Tables VI for the RMS employing the two models. As expected, the improvements in the inclusion of shell effects reduce the global RMS from Finally, to complete the comparison, we exhibit in Fig. 8 the difference between experimental data (B exp ) and theoretical results (B th ) for both models. The two models which include shell effects display a clear reduction in the differences as compared with the Liquid Drop Model LDM1. As decades of work in nuclear masses have thought us, including these residual effects is a fairly non-trivial task. 
V. CONCLUSIONS
We have explored the ability of several Liquid Drop Models to describe nuclear binding energies in different deformation regions, and we have performed a similar analysis employing more elaborated models which include shell effects through microscopic terms. We selected for these microscopic corrections the Duflo-Zuker type models and those inspired in the Interacting Boson Model F-spin.
We have shown that the LDM is best suited to describe the masses of prolate deformed nuclei than of spherical ones, while these deformation effects are washed out employing the macroscopic sector of the DZ mass formulas.
We have paid special attention to the DZ master term, which can be used to construct volume and surface terms which describe shell effects. Adding these microscopic information to the LDM formula, we obtain an eight parameter fit of nuclear masses, with a global RMS of 1407 keV. The strong dependence of the parameters of the new shell volume and surface terms of the deformation regions could open the possibility to relate shell effects and deformation in an more elaborated way.
Appendix: Parameters of the fits
In this appendix we present the parameters found to provide the best fits of the nuclear masses in the nine regions for the mass equations DZ1 (Eq. (7)), DZ2 (Eq. (11)), LDM1+DZ
(Eq. (15)) and LDM1+val (Eq. (16)). 
